1.
Let F be a non-Archimedean local field; we assume throughout that the residue field k F of F is finite, of characteristic p. Let W F be the Weil group of F , formed relative to some separable algebraic closure of F . For each integer n 1, let G 0 n (F ) be the set of equivalence classes of irreducible smooth (complex) representations of W F of dimension n. Likewise, let A 0 n (F ) be the set of equivalence classes of irreducible supercuspidal representations of the group GL n (F ). The Langlands correspondence gives a bijection
n (F ) for each n. The existence of the family { F L n } is established indirectly, by methods relying heavily on geometric or global constructions [21] , [14] , [15] ; explicit information about it, of the sort essential for local calculations, is inconveniently hard to obtain. Indeed, in virtually no case is there a complete, explicit account.
2.
In a series of papers, of which this is the first, we describe F L n in the "essentially tame" case. For σ ∈ G 0 n (F ), let t(σ) be the number of unramified characters χ of W F for which χ ⊗ σ ∼ = σ. The integer t(σ) divides n, and we say that σ is essentially tame if p does not divide n/t (σ) . (This is equivalent to demanding that the restriction of σ to the wild inertia subgroup of W F be a sum of characters: see Appendix (A.4) below.) We denote by G et n (F ) the set of essentially tame classes σ ∈ G 0 n (F ). Analogously, we say that π ∈ A 0 n (F ) is essentially tame if p does not divide n/t(π), where t(π) is the number of unramified characters χ of F × such that π is equivalent to the representation χπ : g −→ χ(det g) π(g). (F ) . Under this hypothesis (and when F has characteristic zero), Moy [23] (see also Reimann [24] ) wrote down a bijection G 0 n (F ) → A 0 n (F ) which, at the time, seemed a good candidate for the Langlands correspondence. We show in this paper that Moy's correspondence is, in its general form, quite close to the Langlands correspondence; in later papers, for example [7] , we will see that the two diverge significantly at the level of detail. (However, Moy's map is the Langlands correspondence when n is prime.)
3.
One classifies the elements of G et n (F ) using admissible pairs. We recall the matter briefly: see the Appendix for more details.
Definition. Let E/F be a finite, tamely ramified field extension and let ξ be a quasicharacter of E × . The pair (E/F, ξ) is called admissible if it satisfies the following two conditions. Let K range over intermediate fields, F ⊂ K ⊂ E.
(1) If ξ factors through the relative norm N E/K , then K = E.
Let P n (F ) denote the set of F -isomorphism classes of admissible pairs (E/F, ξ) in which [E:F ] = n. The map
then provides a canonical bijection. (Here, we regard ξ as a quasicharacter of W E via class field theory, and denote by Ind E/F the functor of induction from representations of W E to representations of W F : see (A.3) below for more details. ) We combine the structure theory for supercuspidal representations [9] with the technique of tame lifting of simple characters [3] to construct a canonical bijection Let (E/F, ξ) ∈ P n (F ), and set σ = Ind E/F ξ. There is a tamely ramified character µ = F µ ξ of E × such that
Evaluation of the character F µ ξ in the general case requires the development of quite elaborate methods: in this paper, we treat it only in the following special case. Let δ E/F denote the discriminant character of the extension E/F , that is, the determinant of the regular representation Ind E/F 1. We show:
F µ ξ seems unavoidable. We will return to this matter in a later paper, with more facts in hand.
5.
We place our results in their historical context. We recall that, when p n, we have G In that case, Howe [18] first constructed the map (4) P n (F ) → A et n (F ), but he was only able to prove it is injective. Moy [23] then took up the problem and proved, under the hypothesis that F has characteristic zero, that (4) is bijective. The restriction on characteristic was essential since his method relied on a description of the admissible dual of D × , for a central F -division algebra D of dimension n 2 [11] , [20] , and on the existence of the Jacquet-Langlands correspondence. At that time, the latter was only available in characteristic zero [25] . We, on the other hand, can proceed much more directly and generally: the construction of the map (4) is an instance of the theory of tame lifting [3] , [6] and its bijectivity follows from the classification theorems of [9] .
One can modify the naïve correspondence by "tame twisting", to get bijections
where ν ξ is a tame character of E × varying with ξ. Moy observed that one could choose the system ξ → ν ξ so that the corresponding bijection G et n (F ) → A et n (F ) satisfies those properties of the Langlands correspondence known at the time he was writing: these mainly concern behaviour relative to L-and epsilon factors of a single representation. In totality, these properties are rather weak. They do not imply that Moy's map is the Langlands correspondence, or even that the correspondence can be obtained at all as a tame twist of the naïve correspondence.
Theorem A finally confirms the accuracy of Moy's basic intuition, even if the fine details are different. It should be noted that Theorem A is, in effect, an instance of the main theorem (7.1) of [6], a result of considerable depth.
We mention that Bushnell and Fröhlich [2] took a similar approach to the representations of D × and came to similar conclusions: the Langlands correspondence seemed to be obtainable from the analogue of the naïve correspondence by a process of tame twisting, but the precise suggestions in [2] are inaccurate to very much the same degree as Moy's.
We point out the later paper of Reimann [24] . He showed that, after the correction of minor errors and tangential misconceptions, the approaches of [23] , [2] , could be accommodated within the same formal framework. The concision and accuracy of [24] make it a valuable consolidation of the earlier papers, but it gets no closer to the true correspondence than they.
Note on characteristic. The operations of base change and automorphic induction are constructed, in [1] and [16] respectively, on the hypothesis that F has characteristic zero. The operation of tame lifting (of endo-classes of simple characters) [3] is defined in arbitrary characteristic. The main results of [3] , which are basic to everything we do here, relate tame lifting to base change and automorphic induction. They depend on the standard character relations and a short list of other properties concerned with linear independence of supercuspidal characters on certain sets. As we remarked in [3, §16] , a theory of base change and automorphic induction in positive characteristic, with these auxiliary properties, would instantly extend the main results of [3] to that case. Such a theory is constructed in [17] , together with some useful refinements of the kind worked out in the appendices to [8] . The results of [6] depend only on those of [3] , [8] along with certain conductor estimates valid in all characteristics. We therefore anticipate the outcome of [17] and proceed as if the results of [3] , [6] hold in positive characteristic. This allows us here to treat all characteristics on an equal footing.
Notation and background. Throughout, F is a non-Archimedean local field; we let o F be the discrete valuation ring in F and p F the maximal ideal of o F . We set
× → Z be the canonical additive valuation. If K/F is a finite field extension, we use similar notation relative to K and we write N K/F , Tr K/F for the relative norm and trace respectively.
We fix a character ψ F of F , trivial on p F but not on o F . If π ∈ A 0 n (F ), we denote the contragredient of π byπ and the central quasicharacter of π by ω π . a. Let V be a finite-dimensional F -vector space and write A = End F (V ), G = Aut F (V ). We use the notation of [9] for simple strata in A and simple characters in G. Thus, if [A, l, 0, β] is a simple stratum in A, we have the compact open subgroups H 1 (β, A) and J i (β, A) of G, i = 0, 1, along with the set C(A, β, ψ F ) of simple characters of H 1 (β, A). (We drop ψ F from the notation for much of the time, as in [9] .) b. We shall require the notion of endo-equivalence for simple characters, and also the operation of tame lifting for endo-equivalence classes (or endo-classes, for short): this theory is developed in [3] , but the summary in [6, §1] may be found helpful. We let E(F ) denote the set of endo-classes of simple characters over F . If [A, l, 0, β] is a simple stratum in A and θ ∈ C(A, β), we write E F (θ) for the endo-class of θ. We adjoin to E(F ) a trivial element Θ 0 , which may be regarded as the class of trivial characters of groups U 1 A , where A ranges over hereditary o F -orders in matrix algebras over F .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use TAME LANGLANDS CORRESPONDENCE c. If K/F is a finite, tamely ramified field extension, there is a canonical surjective map R K/F : E(K) → E(F ), transitive in the extension K/F . If Θ ∈ E(F ), the fibre R −1 K/F (Θ) is finite, and its elements are the K/F -lifts of Θ. In particular, if Θ is the endo-class of θ ∈ C(A, β), the K/F -lifts of Θ are parametrized by the simple components of the algebra
n (F ). We attach to π an endo-class Θ(π) ∈ E(F ) as follows. If π has a fixed vector for the group U
, we set Θ(π) = Θ 0 (one says that "π has level zero"). Otherwise, π contains a simple character θ ∈ C(A, β), for some simple stratum [A, n, 0, β]. In this case, we set Θ(π) = E F (θ).
We shall frequently need the following special cases of the main result (7.1) of [6] . Let K/F be a finite, tamely ramified, cyclic extension, and let π ∈ A 0 n (F ) and
For the general statement, we refer to [6], although we shall only use the cases above.
Tamely ramified simple characters
Let Θ ∈ E(F ); there is a finite-dimensional F -vector space V , a simple stratum [A, l, 0, β] in End F (V ), and a simple character θ ∈ C(A, β) such that Θ = E F (θ). The quantities
depend only on the endo-class Θ, not the choice of representatives θ or β, [3, 8.11] . For the trivial element Θ 0 , we define e(Θ 0 ) = f (Θ 0 ) = deg Θ 0 = 1.
Let Θ ∈ E(F ); we say that Θ is tame or tamely ramified if p does not divide e(Θ). We write E et (F ) for the set of tame endo-classes Θ ∈ E(F ): in particular, E et (F ) contains the trivial element of E(F ). The aim of this section is to give an independent description of the set E et (F ).
1.1.
Let K/F be a finite, tamely ramified field extension and let 
The same argument as above shows that the maximal tamely ramified sub-extension of F [β]/F is uniquely determined, up to F -isomorphism, by the endo-class Θ. This is not the case for the wildly ramified part.
1.2.
We make a simple observation. Let χ be a non-trivial character of U
The quadruple [o F , n, 0, c] is a simple stratum in End F (F ) = F and χ is an element of C(o F , c, ψ F ). We can therefore form the endo-class E F (χ) ∈ E(F ). If χ is the trivial character of U 1 F , then E F (χ) is the trivial endo-class. In this way, we can identify the dual U
1.3.
We consider pairs (K/F, χ), where K/F is a finite, tamely ramified field extension and χ ∈ U 1 K . We call (K/F, χ) an admissible 1-pair if χ does not factor through N K/E , for any field E with F ⊂ E K. We write P (1) (F ) for the set of isomorphism classes of admissible 1-pairs over F .
Let (K/F, χ) ∈ P (1) (F ). We can thus form the endo-class
Moreover, the map 
, and assume that Θ χ 1 = Θ χ 2 . We choose a finite, tamely ramified Galois extension L/F containing both
, and we have shown that the map
, and we form the character χ = θ | U 1 E . As in 1.2, χ is a simple character over E, and (by definition [3, 9.4 
(1) (F ). Therefore Θ = Θ χ , and our map is surjective. It is therefore bijective, as required.
The operation of tame lifting of endo-classes is natural with respect to automorphisms of the base field F . The same therefore applies to the bijection of the theorem.
Let us exhibit the inverse of the map
Remark. The base field restriction map R K/F : E(K) → E(F ) does not depend on the underlying choice of character ψ F (cf. [6, Remark §1]). The same, therefore, applies to the map (1.3.1).
1.4.
Let [A, l, 0, β] be a simple stratum in M n (F ), say, and let θ ∈ C(A, β). Let χ be a character of U Appendix] for details of this construction.
In the present context, let (K/F, ξ) ∈ P (1) (F ), and let χ be a character of
is admissible, and
for any simple character θ ξ such that E F (θ ξ ) = Θ ξ .
Essentially tame supercuspidal representations
Let π be an irreducible supercuspidal representation of G = GL n (F ). As in the introduction, we let t(π) denote the number of unramified characters χ of F × such that χπ ∼ = π. Thus t(π) is an integer dividing n; we say that π is essentially tame if p does not divide n/t(π). We write A et n (F ) for the set of equivalence classes of essentially tame, irreducible supercuspidal representations of GL n (F ).
The aim of this section is to construct a canonical bijection
2.1.
We recall briefly the main features of the classification [9] of irreducible supercuspidal representations of G = GL n (F ), in terms of maximal simple types. Let π ∈ A 0 n (F ). According to [9, (8. (We refer to pairs of the form (J λ , Λ) as extended maximal simple types.)
The definition loc. cit. divides the maximal simple types into two subclasses. In the first, dubbed "of level zero", we have J = U A , where
n (F ) is said to be of level zero if it contains a maximal simple type of level zero.
In the second case, there is a simple stratum
× -stable hereditary o F -orders in A, and a simple character θ ∈ C(A, β) which occurs in π: indeed, θ is the unique simple character occurring in π, up to G-conjugacy.
, where θ is a simple character occurring in π.
is essentially tame if and only if
. In other words, n/t(π) = e(Θ(π)), whence the result follows.
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2.2.
It is convenient to deal separately with the first subclass. Let A 0 n (F ) 0 denote the set of π ∈ A 0 n (F ) which are of level zero. Let P n (F ) 0 denote the set of (E/F, ξ) ∈ P n (F ) for which ξ | U 1 E = 1. Take (E/F, ξ) ∈ P n (F ) 0 . By definition, E/F is unramified. We set Σ = Gal(E/F ). The admissibility of the pair (E/F, ξ) is then equivalent to ξ being Σ-regular, in the sense that the conjugates ξ σ , σ ∈ Σ, are distinct. The character ξ | U E is the inflation of a characterξ of k × E . If we identify Σ with Gal(k E /k F ) by reduction, the admissibility of (E/F, ξ) is again equivalent toξ being Σ-regular.
We now use the Green parametrization [13] : this gives a canonical bijection χ →λ χ between the set of Σ-orbits of Σ-regular characters χ of k × E and the set of equivalence classes of irreducible cuspidal representationsλ of GL n (k F ).
We choose an F -embedding of E in A = M n (F ), and let A be the unique
The characterξ gives a cuspidal representationλ ξ of GL n (k F ), which we inflate to a representation λ ξ of U A . We extend λ ξ to a representation
and the equivalence class of π depends only on that of the pair
Proof. The first assertion is immediate, so we have a well-defined map P n (F ) 0 → A 0 n (F ) 0 . If we take π ∈ A 0 n (F ) 0 , it contains a maximal simple type (GL n (o F ), λ) (unique up to conjugacy), where λ is inflated from an irreducible cuspidal representation of GL n (k F ). We reverse the procedure above to construct from π a pair (E/F, ξ) ∈ P n (F ) 0 . This gives a well-defined map A 0 n (F ) 0 → P n (F ) 0 , inverse to the first one.
2.3.
We take an admissible pair (E/F, ξ), of degree n, such that ξ | U 1 E = 1. We construct from this pair a representation F π ξ ∈ A et n (F ), the equivalence class of which will depend only on the isomorphism class of (E/F, ξ).
We can choose A to be maximal among E × -stable hereditary o F -orders in A. That done, the G = GL n (F )-conjugacy class of the pair (A, θ) is determined by the F -isomorphism class of (E /F, φ) (and hence by that of (E/F, ξ)). The pair (A, θ) determines the groups
these groups are the normalizers of θ in, respectively, U 
Lemma 1. There exists a unique irreducible representation κ of J such that
(2) κ is intertwined by every element of B × ; (3) the character det κ has finite, p-power order.
Proof. This follows from [9, (5.2.2)].
To proceed further, we have to choose a prime element F of F .
Lemma 2.
There is a unique representation κ of J satisfying the following conditions:
(
We can therefore extend κ by triviality to the group F , J generated by F and J. The quotient J/ F , J is cyclic of order e(E |F ). Since p e(E |F ), κ admits a unique extension κ of the required form.
For the next step, we use the same prime element F to impose a factorization on the quasicharacter ξ.
Lemma 3. There is a unique character ξ w of E
× with the following properties:
The proof is immediate. We now set ξ t = ξ −1 w ξ. The quasicharacter ξ t is tamely ramified, and the pair (E/E , ξ t ) is admissible.
Let
We follow the procedure of 2.2 to define, from the admissible pair (E/E , ξ t ), an irreducible representation
We view Λ t as a representation of J trivial on J 1 . We put Λ ξ = Λ t ⊗ κ, and note that this definition is independent of the intermediate choice of F .
At this point, it becomes useful to condense our notation a little: For
By Theorem 1.3 and the proposition, the admissible 1-pairs (E i /F, φ i ) are isomorphic, so we may take E 1 = E 2 = E and φ 1 = φ 2 . The extensions E i /E are unramified of the same degree, so we may as well assume E 1 = E 2 = E, say, and
If we follow through the constructions above, for the pairs (E/F, ξ i ), we arrive at the same stratum [A, l, 0, β] and the same θ ∈ C(A, β). Furthermore, if we choose a prime element F of F to factorize the ξ i as in Lemma 3, we get ξ 1,w = ξ 2,w . The corresponding extended simple types (J,
, lie in the same representation π and so are G-conjugate. Indeed, they are conjugate under the G-normalizer of θ, which is none other than J. In other words, Λ 1 = Λ 2 . In the factorizations Λ i = Λ i,t ⊗ κ, the factors Λ i,t are equivalent, so the admissible pairs (E/E , ξ i ξ −1 i,w ) are E -isomorphic. We conclude that the pairs (E/F, ξ i ) are F -isomorphic, as required. Remark 1. The only debatable step in the construction of F π ξ is the definition of the factor κ held to correspond to the wildly ramified factor ξ w of ξ. Other choices of κ are possible, and some give variants of (2.3.1) with smoother properties. We shall analyze this phenomenon elsewhere. For the present, the version given above has the advantage of being simple, straightforward, and in need of no preliminary analysis.
Remark 2. Constructions such as (2.3.1) originated in [18] , and were further developed in [23] . Slightly different conventions are used in [24] , where the relation between the approaches is discussed. Our method is actually identical to that of [24] , as one verifies easily, starting from Theorem 1.3. We have subsumed the extensive details of the earlier papers into the general theory of [9] and [3] , to obtain the simple and direct proof of bijectivity. This option was not available to those authors who were also confined to the case p n and F of characteristic zero.
2.4.
We collect some simple properties of the bijection (2.3.1).
Proposition 2.4. (1)
The map (2.3.1) is natural with respect to automorphisms of the base field F .
(2) If (K/F, ξ) ∈ P n (F ) and π = F π ξ , then map (2.3.1) is natural with respect to (not necessarily continuous) automorphisms of C, that is,
All of these assertions are proved by following through the construction of F π ξ , step by step and, for (3), comparing with 1.4.
The Langlands correspondence and the naïve correspondence
We make an initial comparison between the constructions of §2 and the Langlands correspondence for essentially tame representations. 
We recall that we have a canonical bijection
The map N has the following properties:
(1) F N 1 is the bijection G 1 (F ) → A 1 (F ) of local class field theory; (2) F N n is natural with respect to automorphisms of the base field F ;
Proof. Property (1) is a matter of definition, while the others follow from Proposition 2.4.
Remark. We observe also that N commutes with the natural actions of Aut C.
n (F ) be the Langlands correspondence. We have observed that F L n satisfies the analogue of Theorem 3.1(4), so it induces a bijection
Let K/F be a cyclic field extension of degree d. We then have the operations of base change b K/F [1] , [17] , and automorphic induction A K/F [16] , [17] . These correspond, via the Langlands correspondence, to the operations of restriction and induction connecting representations of the Weil-Deligne groups of F and K loc. cit. Translating this in terms of our constructions, we have:
Proposition 3.2. The Langlands correspondence induces a bijection
for each n ≥ 1. This map satisfies the analogues of (1)-(4) of Theorem 3.1, while instead of (5) we have
In addition: 
We recall [6, (7.1)] that in (6) we have
Remark. The list of properties in the proposition is sufficient to determine the family F L et n uniquely. This is not a new observation: it is implicit in [22] and also in our arguments. We sketch a direct proof in 3.5 below.
3.3.
We now give our main results, using the notation of 2.3.
Proof. Set π = N(σ) = F π ξ and abbreviate R E/F (ξ|U
To prove that Θ(π) = Θ ξ , we first suppose that E/F is totally ramified. Thus σ is totally ramified, in the sense that t(σ) = 1. Let L/F be the unramified extension of F generated by a primitive n-th root of unity and set ξ L = ξ • N LE/E . The pair (EL/L, ξ L ) is then admissible, and we put
since the map R is transitive with respect to the base field extension. This proves the theorem in the case where E/F is totally ramified.
In the general case, let K/F be the maximal unramified sub-extension of E/F , put τ = Ind E/K ξ and ρ = L(τ ). Thus π = A K/F ρ. By the first case, we have
This completes the proof of the theorem.
We can re-interpret the theorem as follows: Corollary 3.3. Let (E/F, ξ) ∈ P n (F ) and set σ = Ind E/F ξ. There exists a tamely ramified character µ = F µ ξ of E × such that (E/F, µξ) is admissible and
Proof. Let us write π = N(σ) = F π ξ and π = L(σ). By Theorem 2.3, there is an admissible pair (E /F, ξ ) ∈ P n (F ) such that π = F π ξ . By the theorem, we have
Let K/F be the minimal sub-extension of E/F such that ξ | U 1 E factors through N E/K , and let φ be the character of
3). We may as well, therefore, take K = K and φ = φ . The extensions E/K, E /K are unramified of the same degree n/[K:F ], so we are justified in setting E = E. These identifications give Remark. One can say little about the character F µ ξ without further analysis. One sees easily that it has finite order: we show elsewhere that it depends only on ξ | U 1 E and that its order divides 4. Also, we have noted that the correspondence N is algebraic, in the sense of commuting with Aut C. However, L is not algebraic, as is clear from the discussion in, for example, [5, §7]. The function (E/F, ξ) → F µ ξ therefore cannot be algebraic.
3.4.
It will be useful to record a variation on the theme of the corollary. For this, we take an admissible pair (E/F, ξ) ∈ P n (F ) and a cyclic sub-extension K/F of E/F , of degree d. The pair (E/K, ξ) is then admissible, (E/K, ξ) ∈ P m (F ), where md = n, so we can form the representation ρ = K π ξ ∈ A et m (K).
Proposition 3.4. Let π = A K/F ρ be the representation of GL n (F ) automorphically induced by ρ. The representation π is supercuspidal, essentially tame, and there exists a tamely ramified character
Proof. Let Σ = Gal(K/F ); we view E as a subfield of a separable algebraic closure F /F and extend each σ ∈ Σ to an F -embedding, also denoted σ, of E in F . The admissible pairs (E σ /K, ξ σ ), σ ∈ Σ, are then mutually non-isomorphic over K. The construction (cf. Proposition 2.4 (1)) yields K π ξ σ = ρ σ . The representations ρ σ , σ ∈ Σ, are therefore mutually inequivalent or, in other words, ρ is Σ-regular. It follows [8, 2.6 ] that π = A K/F ρ is supercuspidal and [6, (7.
1)] Θ(π) = R K/F Θ(ρ).
Thus π is essentially tame, and of the form F π ξ , for some (E /F, ξ ) ∈ P n (F ).
Furthermore, we have
The proof concludes in the same manner as that of Corollary 3.3.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use TAME LANGLANDS CORRESPONDENCE 699 3.5. We remarked in 3.2 that the family of correspondences F L et n is uniquely determined by the properties listed in Proposition 3.2. We shall never use this fact directly, but we give an outline of the proof since it illuminates our strategy.
We take σ ∈ G et n (F ); we have to construct L(σ) using only properties from the list in section 3.2. We proceed by induction on n. If n = 1, then L(σ) is given by class field theory (the analogue for L of Theorem 3.1(1)). We therefore assume n > 1 and we write σ = Ind E/F ξ, for some (E/F, ξ) ∈ P n (F ). Suppose first that E/F admits a non-trivial cyclic sub-extension K/F . Setting τ = Ind E/K ξ, the representation ρ = L(τ ) is known, by the induction hypothesis, while L(σ) = A K/F ρ, by Proposition 3.2(6).
We are so reduced to the case where E/F admits no non-trivial cyclic subextension. Thus E/F is totally ramified and n = [E:F ] is odd. Let be the least prime divisor of n, and let L/F be the unramified extension generated by a primitive -th root of unity. Setting
, and let X k be the group of unramified characters χ of
Since ω π = det σ (3.2.1) and (k, n) = 1, the representation π is uniquely determined by the two conditions b L/F π = π L and ω π = det σ.
Totally ramified representations
We make a preliminary calculation of the character K/F µ ξ of Proposition 3.4 in a special case. We then specialize further, and prove Theorem B of the introduction.
4.1.
Let (E/F, ξ) ∈ P n (F ), and suppose that E/F is totally ramified. In particular, p n. For the moment, we set π = F π ξ . Thus π is totally ramified in that t(π) = 1.
We choose an F -embedding of E in A = M n (F ), and henceforward regard E as a subfield of A. As in section 2.3, the pair (E/F, ξ) gives a simple stratum [A, l, 0, β] in A with E = F [β], and a simple character θ ∈ C(A, β) such that θ(x) = ξ(x), for
We let η be the unique irreducible representation of J 1 which contains θ. We consider the finite p-group Q = J 1 /Ker θ. The centre of Q is the cyclic group Z = H 1 /Ker θ, and Q/Z is an elementary abelian p-group. Since θ is stable under conjugation by E × , the group Q inherits an action of E × , the subgroup
E acting trivially. We therefore view Q as a module over the finite group
E ; this action of Γ stabilizes η, viewed as a representation of Q. Since E/F is totally ramified, the group Γ is cyclic.
The group Q Γ of Γ -fixed points is exactly Z [4, 4.1, Lemma 1]. We apply the machinery of the Glauberman correspondence [12] (or see [4, Appendix] for a discussion in the present context). 
The kernel is the group of elements (x,
E . SinceΛ 1 is trivial on this kernel, it is the inflation of an irreducible representation Λ 2 of J. The representation Λ 2 satisfies the character relation of the lemma.
The representation Λ 2 agrees with Λ on
Comparing the constructions, we have, for
where ζ y is some root of unity of p-power order. Since dim η is a power of p and χ has order prime to p, we conclude that χ = 1, as required.
We consider elements h of G = GL n (F ) such that υ F (det h) is relatively prime to n. We call such elements G-special.
We will only be concerned with such elements h for which there exists a hereditary o F -order A such that hAh −1 = A. Under these conditions, the algebra F [h] is a field, totally ramified and of degree n over F .
Proposition 4.1. Let (E/F, ξ) ∈ P n (F ). Suppose that E/F is totally ramified and put
Proof. The condition tr π(h) = 0 implies that h has a G-conjugate in J, so h is an elliptic regular element of G. We can therefore apply the Mackey formula [3, (A.14)]
where we view tr Λ as a function on G vanishing outside J. Clearly, if tr π(h) = 0, then h is G-conjugate to an element of J. We may therefore take h = bj, where
In particular, υ E (b) is relatively prime to n. The argument of [3, 15.19 ] now applies to show that bj is J 1 -conjugate to an element bj , where j ∈ J 1 commutes with b.
, and the first assertion is proved.
We now take a G-special element h of E × and an element x ∈ G such that x −1 hx ∈ J. As in the first paragraph of the proof, there exists j ∈ J 1 such that h = j
, so conjugation by xj induces an F -automorphism of the field E or, equivalently, xj 
for all h ∈ E × with υ E (h) relatively prime to n. We recall the automorphic induction equation. The cyclic extension K/F corresponds, via class field theory, to a cyclic group Y K/F of characters of F × . We choose a generator κ of Y K/F ; following the conventions of [3] , we form the κ-twisted character Ξ κ π of π, relative to the κ-operator which acts as the identity on the θ-isotypic subspace of π. Writing G K for the G-centralizer of K × , we have [16, 3.11] , [17] ,
We now change notation, and let
where G ell reg is the set of elliptic regular elements of G. In this formula, δ is a transfer factor: in the conventions of [16] 
The factor c is some non-zero constant.
We prove:
Theorem 4.3. Let (E/F, ξ) ∈ P n (F ), and suppose that E/F is totally ramified.
Proof. Let Λ be the unique irreducible representation of J = E × J 1 (β, A) which occurs in π and contains the simple character θ. With our definition of Ξ κ π , we License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use have [3, 15.8] :
We evaluate this sum exactly as in Proposition 4.1 to get
valid for h ∈ E × of valuation prime to n. We consider the character values tr ρ σ (h), for σ ∈ Σ and h as before.
Lemma 4.3. Let h ∈ E
× have valuation prime to n, and let σ ∈ Σ. Then tr ρ σ (h) = 0 unless σ extends to an F -automorphism of E.
Proof. For each σ ∈ Σ, we choose t σ ∈ G such that conjugation by t σ induces the action of σ on K. Suppose that tr ρ σ (h) = tr ρ(t σ ht
and hence the result.
We can apply the considerations of section 4.2 to the representation ρ σ in place of ρ. In particular, ρ σ gives rise to a constant
For h as before and σ ∈ Σ, we obtain
with the understanding that the sum is zero when the index set is empty. In all, therefore,
This relation continues to hold on replacing h by hu, for u ∈ U 1 E . The definition [16] shows readily that δ(hu) = δ(h), so
for h ∈ E × with υ E (h) prime to n and u ∈ U 1 E . Since (E/F, ξ) is admissible and E/F is totally ramified, the characters ξ α of U 1 E are distinct, as α ranges over Aut(E|F ). We therefore multiply the last equation by ξ(u) −1 and integrate over U 1 E to get the result.
Remark. The formula (4.3.1) determines the character µ completely. However, we cannot give it an explicit form since the value of the constant c is unknown. Note that the function δ(h) depends only on n and the extension K/F (modulo certain normalizations independent of ξ). We will show elsewhere that, with our definition of the twisted trace, the constant c depends only on the restriction ξ | U 1 E , whence the same is true of µ. We do not use that property in this paper.
4.4.
We now specialize to the case where n is odd, and prove Theorem B of the Introduction:
Theorem 4.4. Let (E/F, ξ) ∈ P n (F ). Suppose that n is odd and that E/F is totally ramified. We then have
The discriminant character δ E/F is easy to describe: it is given by a Jacobi symbol Proof. Since E/F is totally tamely ramified, there exists a prime element of E such that n = F is a prime element of F . We consider the transfer factor δ( r ), for integers r relatively prime to n. Lemma 4.5. As r ranges over the integers relatively prime to n, the function r → δ( r ) is constant.
Proof. To compute the transfer factors, we follow the recipes in [16] . We need to fix a generator σ 0 of Σ and an element e m which, since n is odd, we may set equal to 
where ζ 1 , ζ 2 range independently over the m-th roots of η. We can describe the double product
in another way. Let η 1 , η 2 range independently over the n-th roots of unity. Then Π is the product of all differences (η 1 −η 2 ), subject to two conditions: η We apply the same analysis to ∆( r ), (r, n) = 1, to obtain
Since n is odd and K/F is totally ramified, we have κ( F ) = 1. Thus
Returning to the proof of the proposition, we have µ( r ) = c F K δ( r ), whenever (r, n) = 1. The character µ is trivial on U 1 E and also on F × , since δ K/F = 1. In effect, therefore, µ is a character of the group
shows that it is constant on the generators of this group and, since n is odd, µ must be trivial.
4.6.
The proof of Theorem 4.4 relies on an auxiliary result (which does not require our assumption that n is odd).
Theorem 4.6. Let (E/F, ξ) ∈ P n (F ), and suppose that E/F is totally ramified.
is then admissible and
We shall prove this in the following paragraphs. We first use it to complete the proof of Theorem 4.4.
We proceed by induction on n. Let be the least prime divisor of n and let K/F be the unique sub-extension of E/F of degree . By the induction hypothesis, we have
The character δ E/K is unramified and hence of the form 
We therefore assume that K/F is not cyclic. We put σ = Ind E/F ξ. We let L/F be the unramified extension obtained by adjoining to F a primitive -th root of unity. Let k = [L:F ]; since k < and is the least prime divisor of n, we have (k, n) = 1. Applying Theorem 4.6, we get
The extension LK/L is cyclic so, by the first case,
where
Comparing (4.6.1), (4.6.2), we get
.6]. However, comparing central quasicharacters,
E/F ξ; since n is odd, this reduces to χ n = 1. We also have χ k = 1 and (k, n) = 1, so χ = 1, as required.
This completes the proof of Theorem 4.4.
4.7.
We now prove Theorem 4.6. We abbreviate We have to show that χ = 1. [3, (11. 3)]), and the same therefore applies to η L . It follows (cf. Lemma 4.1) that Λ L is Σ-stable.
We pass to the group
We choose a generator
for all integers r such that (r, n) = 1 and all
Observe that the assertion to be proved only concerns the restriction of
Σ/Ker θ L of order dp s , for some integer s. The group E × acts, by conjugation, as a cyclic group of automorphisms of order n, which is prime to dp s . This action fixesη L and so gives rise to a Glauberman sign L = ±1. Thus there exists a unique representation
We put
where N σ h is the σ-norm of h in G.
We write
L , by conjugation, as an automorphism of finite order relatively prime to p. It follows that hσ is J 1 L -conjugate to an element j 1 h 1 σ, where
The σ-norms of h, h are then conjugate by the same element x, whence
Each of these norms generates E/F . We conclude that conjugation by x is an L-automorphism of LE, which we now denote by α. This satisfies α( ) = ζ , for some n-th root of unity ζ in L.
We consider the element
The automorphism of LE induced by x −1 σxσ −1 is therefore trivial, so σ commutes with α and therefore
by Proposition 4.1, and the result follows.
4.9.
We return to the representation Π = b L/F π = χπ L , where χ is unramified and χ n = 1. We extend Π to a representation Π of G(L) Σ; there is then a non-zero constant c such that
In other words, there is a constant c such that
for all G(L)-special elements h of LE × . We now write χ = φ • N L/F , for some unramified character φ of F × satisfying φ n = 1 (as we may, since (d, n) = 1). Invoking Proposition 4.8 again, there is a constant c such that
The representation π is totally ramified so, given a ∈ Z, there exists g ∈ G with υ F (det g) = a and tr π(g) = 0. By Proposition 4.1, if (a, n) = 1, we can take g ∈ E × . Therefore φ must be constant on (
This completes the proof of Theorem 4.6.
Appendix. Characters of tame extensions
We gather here some elementary results concerning quasicharacters of finite, tamely ramified extensions of the base field F . While these are, broadly speaking, well known, they are also widely forgotten. They are scattered in literature which is now rather old, often in the wrong degree of generality. It seems more satisfactory, therefore, to collect them in this brief appendix.
For our present purposes, we define a representation σ ∈ G 0 n (F ) to be essentially tame if its restriction to the wild inertia subgroup of W F is a sum of characters.
A.1. Let E/F be a finite, Galois, tamely ramified field extension and put Γ = Gal(E/F ). The basic fact, on which all depends, is that the Γ -modules U A.2. We return to the notion of "admissible pair", defined in the Introduction. The first property of these pairs is:
Proposition. Let (E/F, ξ) be an admissible pair. Then Ind E/F ξ is irreducible and essentially tame.
Proof. Let L/F be the normal closure of E/F . In particular, L/E is unramified. We put Γ = Gal(L/F ), ∆ = Gal(L/E). Suppose, for a contradiction, that Ind E/F ξ is reducible. By Mackey's criterion, therefore, there exists g ∈ Γ , g / ∈ ∆, such that ξ and ξ g have the same restriction to W L . This says that the quasicharacter ξ • N L/E of L × is invariant under the subgroup Ω = ∆, g of Γ generated by ∆ and this element g. The restriction of ξ to U 1 E therefore factors through N E/K , where K = L Ω . Since (E/F, ξ) is admissible, the extension E/K is unramified. Therefore L/K is unramified. The group Ω therefore stabilizes E and, by definition, it stabilizes the quasicharacter ξ • N L/E of L × . This quasicharacter therefore factors through N L/K and so ξ factors through N E/K . Since (E/F, ξ) is admissible, we have K = E and the desired contradiction. The final assertion is immediate.
A.3. Let (E/F, ξ) be an admissible pair; the equivalence class of the representation σ = Ind E/F ξ depends only on the F -isomorphism class of (E/F, ξ) and σ is surely essentially tame. Thus we have a canonical map 
The Galois extension L/K is tamely ramified, so ρ is of the form ρ = Ind E/K µ, where E/K is an unramified extension in L and µ is a tamely ramified quasicharacter of E × . We put ξ = µ · (φ • N E/K ) to get σ = Ind E/F ξ. We next show that the pair (E/F, ξ) is admissible. Clearly, condition (1) in the definition is satisfied, since Ind E/F ξ = σ is irreducible. Let K be an extension of F in E and φ a character of U and set K = L ∆ : this is indeed the same as the field K attached to σ = Ind E/F ξ in the first paragraph of the proof. Thus E ⊃ K and, by admissibility, E /K is unramified. The fields E, E are both unramified extensions of K inside L, and of the same degree n/[K:F ]. Therefore E = E , and we may assume again that L/F is the Galois closure of E = E over F . Applying the analysis of the first paragraph to σ = Ind E/F ξ, we get τ = Ind E/K ξ = Ind E/K ξ .
